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ABSTRACT
The conditions for forming quasicrystals and their approximants are stringent, normally requiring 
multiple length scales to stabilize the quasicrystalline order. Here, we report an unexpected finding that 
the approximants and motifs of dodecagonal quasicrystals can be spontaneously formed in the simplest 
system of identical hard disks, utilizing the unstable feature of the initial square packing subject to 
mechanical perturbations. Because only one length scale is involved, this finding advances our 
knowledge of quasicrystals and their approximants. Remarkably, applying this purely mechanical 
approach to systems known to form dodecagonal quasicrystals yields quasicrystalline order athermally 
and even single quasicrystals that exhibit the theoretical tiling patterns of perfect dodecagonal 
quasicrystals. Our study suggests a paradigm for the rapid synthesis of high-quality quasicrystals. 
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range translational order, are easier to form. This 
makes quasicrystal approximants an ideal starting 
point for elucidating both the formation mech- 
anism and structural attributes of quasicrystals 
[10 ,16 –20 ]. Owing to their unique structural and 
physical properties, such as exceptional hardness, 
low friction and thermal stability, quasicrystals 
and their approximants hold promising applica- 
tions in thermal insulation, surface coatings and 
advanced materials engineering [21 ]. 

Although the structures of quasicrystals and 
their approximants have been extensively studied 
[22 ], their formation mechanisms are not yet fully 
understood [23 –25 ]. Typically, multiple charac- 
teristic length scales are involved in the struc- 
tures of quasicrystals and their approximants. This 
leads to the prevailing hypothesis that their for- 
mation necessitates the introduction of multiple 
length scales. Consequently, studies often employ 
complex interparticle interactions with multiple 
length scales [6 ,9 ,26 –30 ], polydisperse isotropic 
particles [31 ,32 ], or anisotropic particles with 

patches [33 ,34 ] or polyhedral shapes [24 ,35 ]. 
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NTRODUCTION 

uasicrystals, first discovered by Shechtman et al.
1 ], exhibit sharp Bragg peaks with symmetries
orbidden in ordinary crystals and lack long-range
ranslational order [2 ]. For the first two decades,
uasicrystalline order was mainly observed in
etallic alloys, until the discovery of quasicrys-

als in soft matter in 2004 [3 ]. The building blocks
f soft matter may span multiple scales, making
t a playground for diverse physical phenomena
4 ] and providing vast possibilities to tune in-
erparticle interactions and the shape of struc-
ural units for the formation of quasicrystals [5 –8 ].
onsequently, soft quasicrystals [9 ] have been ob-
erved in a wide range of soft matter systems, in-
luding dendrimer liquid crystals [3 ], star-shaped
olymers [10 ], binary nanoparticle systems [11 ],
lock copolymer micelles [12 ], mesoporous silica
13 ], DNA-engineered biomolecules [14 ] and mi-
rospheres in applied magnetic and electric fields
15 ]. 

Compared to quasicrystals, their approximants,

hich share the same prototiles but exhibit long- 
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A notable exception to this general view was
eported recently: both dodecagonal and octago-
al quasicrystals can be formed by monodisperse
sotropic disks interacting via simple spring-like
epulsions [36 ,37 ]. In this case, quasicrystals are
ormed without explicitly engineering multiple
ength scales; instead, they rely on the high density
f the system: the soft-core nature of the inter-
ctions promotes the self-assembly of disks into
entagons, which then serve as the fundamental
uilding blocks for quasicrystal formation. 
Note that disks interacting via spring-like re-

ulsions effectively behave as hard ones at suffi-
iently low pressures [38 ,39 ]. Here, we address a
ore challenging question: can the simplest sys-

em of monodisperse hard disks spontaneously
orm quasicrystals or their approximants? Given
he presence of only one length scale—the hard-
isk diameter—this question may sound counter-
ntuitive based on previous understanding. It is
n indisputable fact that the thermodynamic equi-
ibrium state of monodisperse hard disks is the
exagonal phase [40 ]. Although other metastable
tates, such as polycrystalline packings of hard
isks, can be obtained via rapid compression from
iquid states, to our knowledge, no spontaneous
ormation of complex crystalline or quasicrys-
alline structures has been reported, even under
onequilibrium conditions. 
However, a straightforward analysis suggests

hat the idea might not be entirely infeasible.
heoretical tiling of a dodecagonal quasicrystal
DDQC) requires two building blocks: squares and
quilateral triangles [41 –43 ]. A hexagonal packing
f hard disks is composed of equilateral triangles.
ard disks can also be arranged into a square lat-

ice, which is, however, unstable due to the pres-
nce of soft modes, i.e. normal modes with zero
requency or energy. Therefore, these two build-
ng blocks can be constructed using hard disks,
lbeit at different packing densities. The critical
hallenge is to determine how to make these two
uilding blocks spontaneously coexist and assem-
le into more complex motifs of quasicrystals or
heir approximants. 

Furthermore, previous studies have shown
hat self-assembly normally leads to highly defec-
ive random-tiling quasicrystals or polyquasicrys-
als [14 ,24 ,27 ,44 ,45 ]. It thus remains challenging
o form high-quality quasicrystals with fewer de-
ects, particularly single quasicrystals. Theoreti-
ally, a perfect DDQC can be constructed by ideal
quare-triangle tiling following certain rules [41 –
3 ]. However, to our knowledge, single quasicrys-
als within this theoretical square-triangle tiling
ramework have rarely been achieved. 
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Utilizing the unstable feature of the square lat- 
tice, we unexpectedly observe the spontaneous 
formation of a DDQC approximant via a slight 
perturbation of the square packing of hard disks 
at constant pressure. By selectively removing pairs 
of disks from the square lattice, thus breaking the 
force balance, we observe the formation of two 
typical DDQC motifs. Although global formation 

of DDQCs has not yet been achieved with hard 
disks, this protocol significantly accelerates the 
formation of DDQCs in known DDQC-forming 
systems. Surprisingly, we achieve single DDQCs 
with square-triangle tiling. Our study reveals the 
previously unrecognized capability of hard disks 
to assemble into complex crystals and identifies a 
novel pathway for the formation of DDQCs and 
their approximants, providing a highly efficient 
and purely mechanical method to facilitate the for- 
mation of high-quality DDQCs. 

RESULTS 

Forming a DDQC approximant by hard 

disks 
We first study static packings of disks interacting 
via harmonic repulsion (detailed in the Methods 
section below). At low pressures, these packings 
approximate hard-disk systems, as the harmonic 
repulsion effectively mimics hard-core exclusion. 
We begin with a square packing of disks at a pres-
sure of p = 10−4 . The square packing is unstable 
under any infinitesimal perturbation due to the 
presence of soft modes. Here, we introduce the 
perturbation by randomly displacing a disk away 
from its equilibrium position by a magnitude of 
0.1 particle diameter, a value that falls within a 
regime where the resulting packing structure is 
robust against variations in the displacement mag- 
nitude. We have confirmed that other types of 
small perturbations yield equivalent results. After 
minimizing the enthalpy (detailed in the Meth- 
ods section) at fixed pressure, we obtain a me- 
chanically stable packing shown in Fig. 1 a. By con- 
necting contacting particles with bonds, the mixed 
tiling of squares and equilateral triangles can be 
clearly observed, demonstrating the spontaneous 
formation of a complex ordered structure. 

As highlighted by the red bonds in Fig. 1 a, 
a fundamental Archimedean tiling motif in our 
packing is ( 32 . 4 . 3 . 4 ), a prototile also prevalent in
DDQCs. Figure 1 b shows the diffraction pattern 

of the packing. Although it exhibits a 12-fold-like 
arrangement, as illustrated by the red dashed 
rings, only four diffraction spots lie exactly on 

each ring, suggesting a deviation from perfect 
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a b c

Figure 1. Formation of a DDQC approximant using hard disks and the transformation pathway. (a) DDQC approximant 
obtained from the perturbation of a square packing. Circles and lines represent disks and bonds, respectively. Red 
bonds highlight the (32 . 4 . 3 . 4) Archimedean tiling. (b) Diffraction pattern of the approximant shown in (a). While 12- 
fold symmetry is visually apparent, close inspection reveals only four diffraction spots (marked by red arrows) lying 
on each red dashed circle, indicating a four-fold symmetry. (c) Local transformation pathway from a square packing 
to the approximant. Gray bonds represent the initial square packing. Orange and red bonds represent the structure 
of the resulting approximant. Red bonds highlight the periodic unit, i.e. the (32 . 4 . 3 . 4) Archimedean tiling. Arrows 
indicate the displacements of disks during the transformation. Directional circles illustrate the rotational direction of 
the squares. 
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2-fold symmetry. Therefore, the packing is
dentified as a DDQC approximant with four-fold
ymmetry. The periodicity of the structure can
e observed in Fig. 1 a, and the number ratio of
riangles to squares is 2, differing from 4 /

√ 

3 for
erfect DDQCs [22 ,46 ]. All these characteristics
ndicate crystalline rather than quasicrystalline
rder. Nevertheless, it is rather unexpected
hat the simplest monodisperse hard disks can
pontaneously form such complex crystals. 

To illustrate the transformation from the
quare packing to the DDQC approximant, we
how the displacement field in Fig. 1 c. We fo-
us on a local 4 × 4 lattice region, which includes
ine adjacent squares. The arrows represent disk
ovements, with the tail and head indicating the

nitial and final positions, respectively. The cen-
ral square rotates either clockwise or counter-
lockwise, while the four corner squares rotate in
he opposite direction, creating a coordinated lo-
al rearrangement. Consequently, the four squares
djacent to the central square are squeezed into
airs of edge-sharing triangles. 
As shown in the supplementary material, we

pply the same protocol to a cubic packing of hard
pheres. Similarly, owing to the instability of cubic
acking, we obtain a three-dimensional packing
ith layered structures of DDQC approximants. 

orming DDQC motifs by hard disks 
he spontaneous formation of the DDQC approx-

mant suggests an intriguing possibility of form-
ng DDQCs using hard disks. We note that the
Page 3 of 11
fundamental motif of the square-triangle tiling of 
DDQCs is composed of 19 disks arranged in a spe-
cific geometry, as illustrated in the bottom panel of 
Fig. 2 a. A central disk (red) is surrounded by two
concentric polygons: an inner hexagon (blue) and 
an outer dodecagon (green). The square-triangle 
tessellation of this motif includes two head-to- 
head ( 32 . 4 . 3 . 4 ) Archimedean tilings. Based on the
mechanism depicted in Fig. 1 c, the formation of 
this pattern necessarily requires a local displace- 
ment field with mirror symmetry. 

Figure 2 a illustrates our strategy to induce par- 
ticle motion with mirror symmetry. As shown in 

the top panel, we remove a pair of disks from
the square packing, which are the second-nearest 
neighbors of a central disk (red) and align along 
the 45◦ dashed line passing through the central 
disk. This removal disrupts the force balance on 

the eight disks immediately surrounding these 
two newly created vacancies, leading to parti- 
cle rearrangements under constant pressure. The 
presence of these two vacancies induces mirror- 
symmetric movements of disks about the 45◦ line. 
Following enthalpy minimization, a DDQC mo- 
tif is successfully produced, as shown in the bot- 
tom panel of Fig. 2 a. Surrounding the motif, vari-
ous tiling patterns emerge, including the ( 32 . 4 . 3 . 4 )
tiling. Figure 2 b demonstrates that removing a 
pair of disks along the −45◦ line results in an- 
other motif with a 30◦ rotation relative to that 
in Fig. 2 a. Both motifs are characteristic of the
square-triangle tiling of perfect DDQCs. Since 
each motif alone produces only six-fold dihedral 
symmetry, their combination is essential to form 

https://academic.oup.com/nsr/article-lookup/doi/10.1093/nsr/nwaf244#supplementary-data
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a b c d

Figure 2. Formation of DDQC motifs using hard disks. (a) Introduction of a vacancy pair along the 45◦ direction 
(dashed line) to a square packing of N = 81 disks (top panel) and the resulting DDQC motif I (bottom panel). Disks 
transformed to the center, first shell and second shell of the motif are shown in red, blue and green, respectively. 
Solid lines in the bottom panel represent bonds, with red bonds highlighting two head-to-head (32 . 4 . 3 . 4) Archimedean 
tilings. (b) Generation of DDQC motif II with a 30◦ rotation relative to motif I in (a), achieved by removing a vacancy 
pair along the −45◦ direction (dashed line). (c and d) Introduction of 2 and 4 vacancy pairs, respectively, into an 
N = 400 square packing (top panel) and the packing after the transformation (bottom panel). 

t  

T  

g  

w  

m  

t
 

D  

f  

p  

i  

i  

i  

i  

g  

F  

e  

n  

A  

t  

t  

w  

n  

t  

p  

m  

o  

d  

v  

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/nsr/article/13/11/nw

ag244/8662151 by guest on 20 June 2026
he 12-fold symmetry in perfect DDQCs [43 ,47 ].
herefore, our mechanical approach effectively
enerates both motifs, providing a potential path-
ay to construct DDQC structures. We denote the
otifs in the bottom panels of Fig. 2 a and b as mo-

if I and motif II, respectively. 
The question now becomes: can long-range

DQC order be realized by introducing a suf-
icient number of vacancy pairs into the square
acking? We start the investigation by randomly
ntroducing nv pairs of both types of vacancies
nto the system and distributing them uniformly
n space. As shown in Fig. 2 c, for a square pack-
ng of N = 400 hard disks, two DDQC motifs are
enerated when nv = 2 . However, when nv = 4 ,
ig. 2 d indicates that our approach fails to gen-
rate or sustain DDQC motifs. Instead, hexago-
al packing dominates after the transformation.
s shown in the supplementary movie, during
he early stage of the transformation, ( 32 . 4 . 3 . 4 )
ilings emerge and grow but are eventually over-
helmed by the rapid expansion of the hexago-
al packing. For hard disks, hexagonal packing is
hermodynamically stable. In contrast, DDQC ap-
roximants and structures with DDQC motifs are
etastable, being much less stable than the hexag-
nal packing and susceptible to destabilization un-
er large perturbations. Increasing the number of
acancy pairs enhances the perturbation, desta-
Page 4 of 11
bilizing these complex structures and driving the 
system toward the more stable hexagonal phase. 

Athermal formation of DDQC order in a 

DDQC-forming system 

Although our current mechanical approach fails to 
generate global DDQC order using hard disks, the 
successful generation of DDQC motifs suggests a 
potential avenue for DDQC exploration. To test 
this feasibility, we apply the same approach to a 
system with a two-length-scale (TLS) interaction 

potential (detailed in the Methods section below). 
This system has been shown to self-assemble into 
a DDQC when equilibrated at appropriate densi- 
ties and low temperatures [48 –50 ]. We initialize 
the system by arranging TLS disks into a square 
lattice and randomly introducing nv vacancy pairs 
( nv / 2 for motif I and nv / 2 for motif II, detailed in
the Methods section). We then adjust the num- 
ber density to ρ = 0 . 94 , at which DDQC self-
assembly can occur. An energy minimization is 
then performed to obtain static packings at T = 0 .

As shown in the left panel of Fig. 3 a, nv = 4
vacancy pairs lead to four DDQC motifs in the 
static packing with initially N = 900 TLS disks. 
Unlike hard-disk systems, the square-lattice struc- 
ture is still maintained around the motifs. This 
preservation of square-lattice order is attributed 

https://academic.oup.com/nsr/article-lookup/doi/10.1093/nsr/nwaf244#supplementary-data
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Figure 3. Formation of DDQCs using TLS disks through a mechanical approach. (a and b) Results for introducing 
nv = 4 and 54 vacancy pairs, respectively, into an N = 900 square packing, followed by energy minimization. The left 
panel shows the configuration with bonds. Disks in red and blue are those expected to become the center and first 
shell of DDQC motifs. The top-right and bottom-right panels show the diffraction pattern and the distribution of bond 
angles, respectively. (c) Evolution of the m -fold orientational order χm for the resultant packings with 2 nv /N. The two 
arrows point to nv = 4 and 54, as shown in (a) and (b), respectively. 
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o the long-range particle interactions. Each disk
nteracts not only with its nearest neighbors but
lso with distant neighbors, stabilizing the square-
attice structure. As a result, four-fold symme-
ry still dominates in the diffraction pattern, as
onfirmed in the top-right panel of Fig. 3 a. The
ottom-right panel of Fig. 3 a illustrates the distri-
ution of the bond angle θ , with θ = 0 defined as
he right horizontal direction. The bonds are pre-
ominantly aligned along the two principal direc-
ions of the square lattice, θ = 0 and π/ 2 . As de-
ined in Fig. 2 a and b, motifs I and II contribute six
haracteristic DDQC angles: −π/ 12 , π/ 12 , π/ 4 ,
 π/ 12 , 7 π/ 12 and 3 π/ 4 [22 ,42 ,43 ]. Since there
re only four motifs in Fig. 3 a, their contribution
o the bond-angle distribution is negligible. 

Figure 3 b shows the results for nv = 54 va-
ancy pairs. Unlike the case of hard disks, the
eft panel illustrates that a significant fraction of
DQC motifs persists even at such a high concen-

ration of vacancy pairs. Quasicrystalline order is
vident in the diffraction pattern. Furthermore,
he bond-angle distribution reveals well-defined
eaks corresponding to the six characteristic
DQC angles. Thus, by simply introducing va-
ancy pairs into a square lattice, DDQC order is
apidly induced via an athermal approach. 

Figure 3 c illustrates the evolution of the aver-
ge local structural orders with 2 nv /N for N =
00 . Here, we present the results for 4-, 6- and
2-fold symmetries, denoted as χ4 , χ6 and χ12 ,
espectively (detailed in the Methods section be-
ow). For the initial square lattice ( nv = 0 ), both
4 and χ12 equal 1, while χ6 is almost zero, reflect-
ng the incompatibility of six-fold symmetry with
he four-fold symmetry of the square lattice. As nv 
ncreases, both χ4 and χ12 decrease and saturate
t a plateau. However, χ4 decreases to a low value
f ∼0 . 1 , whereas χ12 saturates at a high value of
Page 5 of 11
∼0 . 8 , indicating the breaking of four-fold sym-
metry and the emergence of 12-fold symmetry. 
Meanwhile, χ6 gradually increases. Since hexag- 
onal and square structures are fundamental ele- 
ments in DDQCs, χ4 and χ6 remain nonzero but 
are relatively small in DDQCs. For the nv = 54 
case shown in Fig. 3 b, χ12 ≈ 0 . 80 , χ4 ≈ 0 . 12 and
χ6 ≈ 0 . 26 , demonstrating that the observed 12- 
fold symmetry is primarily due to DDQC order 
rather than mixed contributions from four- and 
six-fold symmetries. 

Enhancing DDQC order via thermal 
treatment 
To quantify the quality of the DDQC order, we use
the following metric. For a bond with angle θ , we
identify the closest of the six characteristic DDQC 

angles to it, denoted as θc , and calculate the devi-
ation �θ = | θ − θc | . Therefore, smaller values of 
�θ indicate better DDQC orders. 

Figure 4 a presents a TLS disk packing ob- 
tained via our mechanical, athermal approach, 
where DDQC order is evident from the diffrac- 
tion pattern. This packing is induced by intro- 
ducing nv = 427 vacancy pairs into an N = 6400 
square packing at ρ = 0 . 94 . The bond color re-
flects its �θ value. In regions where vacancy pairs 
are introduced and DDQC motifs are formed, the 
bonds generally have small values of �θ , whereas 
other regions show relatively larger values of �θ . 
Therefore, while the mechanical approach suc- 
cessfully induces DDQC order, it is not sufficient 
to optimize the global order, indicating the neces- 
sity for additional treatments. 

We thus heat the packing to a low tempera- 
ture of T = 0 . 12 and equilibrate it for a duration t .
Figure 4 b illustrates the spatial distribution of par- 
ticle displacement over a duration of t = 5 × 105 ,
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a b c

∆θ ∆θ∆r
π/36 π/18 π/36 π/180.4 0.8

Figure 4. Enhancement of the DDQC order through thermal treatment for systems with TLS disks. (a) Spatial dis- 
tribution of the deviation of bond angle from the characteristic DDQC angles, �θ , for a packing mechanically trans- 
formed from an N = 6400 square packing with nv = 427 vacancy pairs. The color bar indicates the magnitude of �θ . 
(b and c) Displacement field and spatial distribution of �θ , respectively, after equilibrating the configuration in (a) 
over a time duration of t = 5 × 105 at T = 0 . 12 . The color bars in (b) and (c) indicate the magnitudes of particle 
displacement, �r and �θ , respectively. Diffraction patterns inserted in (a) and (c) highlight the growth of DDQC order 
after the thermal treatment. 
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Figure 5. Comparison of DDQC growth in systems start- 
ing from the mechanical approach and a quenched liq- 
uid. (a and b) Time evolution of the correlation func- 
tion of the 12-fold order parameter, G12 (r) , at T = 0 . 12 
and 0.06, respectively. Solid and dash–dot lines are for 
states from the mechanical approach and the liquid 
state, respectively. The legend indicates the specific in- 
stants used for comparison. The same TLS systems as 
in Fig. 4 are used. 
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ith the color coding indicating the magnitude of
article displacement, �r. A strong spatial cor-
elation between �r and �θ can be observed by
omparing Fig. 4 a and b, with larger �r typi-
ally occurring in regions with relatively larger
θ . As illustrated in Fig. 4 c, after equilibration,

he majority of bonds exhibit small �θ values,
nd the spatial distribution of �θ becomes signif-
cantly more uniform. The optimization effect of
he thermal treatment is further demonstrated by
he sharpening of spots in the diffraction pattern. 

fficiency of the mechanical approach 

 notable advantage of the mechanical approach is
he instantaneous development of DDQC order,
ignificantly accelerating DDQC formation. As
hown above, thermal treatment primarily serves
o optimize regions with weak DDQC orders. It
s thus expected that the overall process would be
uch less time-consuming than the direct forma-

ion of DDQCs from the liquid state at a specific
emperature. 

In Fig. 5 a, we compare the time evolution
f the correlation function of the 12-fold bond-
rientational order, G12 (r ) (detailed in the Meth-
ds section below), at T = 0 . 12 for two initial
onditions. Starting from a state generated by the
echanical approach, G12 (r ) exhibits a plateau at

arge distances r, indicating the presence of a long-
ange DDQC order. The plateau value increases
ver time, demonstrating the growth of the over-
ll DDQC order. In contrast, starting from a liquid
tate quenched from a high temperature, G12 (r ) is
Page 6 of 11
small at short times. At longer times, G12 (r ) de- 
cays with increasing r, suggesting the absence of 
long-range order. With increasing time, G12 (r ) in- 
creases and becomes flatter, indicating the growth 

of DDQC order. However, it remains smaller than 

that from the mechanical approach. This compari- 
son highlights the efficiency of the mechanical ap- 
proach in facilitating the formation of DDQCs. 
For the same amount of time, the mechanical 
approach enables significantly faster formation of 
DDQCs with better global order. 

Figure 5 b further showcases the effectiveness 
of the mechanical approach. At a lower temper- 
ature ( T = 0 . 06 ), the growth of DDQC order
from the liquid state is significantly hindered 
within the same time scale as in Fig. 5 a. Parameter
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12 (r ) evolves rather slowly and exhibits rapid
ecay with increasing r even at long times. In
ontrast, the time evolution of the state from
he mechanical approach remains comparable to
hat at T = 0 . 12 . Therefore, at low temperatures,
hen the self-assembly of DDQCs from a liquid

tate is impeded by sluggish particle dynamics, the
echanical approach can still promote structural

elaxation and the growth of DDQC order in a
on-diffusive manner. In addition to facilitating
he DDQC formation, the mechanical approach
eveals a distinct pathway for DDQC growth. 

Here we show results for two temperatures,
oth below the melting temperature Tm 

≈ 0 . 24
detailed in the supplementary material). In the
upplementary material, we compare G12 (r ) for
ifferent temperatures, which demonstrates that
m 

roughly marks the upper temperature limit
or obtaining enhanced DDQC order via thermal
reatment. 

As discussed above, the thermal treatment is
sed to repair local DDQC order after the mechan-
cal approach. In the supplementary material, we
emonstrate that the thermal treatment can be re-
laced with small-amplitude oscillatory shear. The
hear plays a similar role to temperature in excit-
ng local particle motion and optimizing DDQC
rder. Combined with oscillatory shear, we enable
he formation and optimization of DDQC order in
 purely mechanical manner. 

thermal formation of 
quare-triangle-tiling single DDQCs 
n previous sections, we introduced vacancy pairs
andomly in space, resulting in random-tiling
DQCs. Direct self-assembly from liquid states

ikewise leads to random-tiling DDQCs within
ccessible simulation timescales. In fact, most
revious studies have succeeded in obtaining
ighly defective random-tiling DDQCs or poly-
DQCs [14 ,15 ,24 ,27 ,44 ,45 ] that deviate from
erfect square-triangle tiling. To date, no robust
ethod exists for effectively synthesizing square-

riangle-tiling single DDQCs. 
Because of quasi-periodic symmetry, perfect

uasicrystals exhibit self-similar features. For ex-
mple, in the square-triangle tiling construction,
f we treat motifs I and II (defined in Fig. 2 a
nd b) as two first-order hyperparticles, these hy-
erparticles can assemble into larger hierarchical
ilings, which in turn are second-order hyperpar-
icles (i.e. larger motifs). By iterating this pro-
ess, increasingly higher-order hyperparticles—
nd simultaneously perfect DDQCs—can be con-
Page 7 of 11
structed. Given that the first-order hyperparticles 
can be generated by introducing vacancy pairs into 
a square lattice, can square-triangle-tiling single 
DDQCs be mechanically synthesized through the 
delicate introduction of vacancy pairs? 

As illustrated by Fig. 6 a, we overlay a per-
fect square-triangle tiling (black circles con- 
nected by red lines) on a square packing of TLS
disks (gray circles). We refer the reader to the 
supplementary material for details of the theoreti- 
cal construction of the square-triangle tiling. Each 

black circle represents the center of a first-order 
hyperparticle. We also show in Fig. 6 a another 
tiling by connecting centers of the second-order 
hyperparticles with purple lines. These two sets 
of tiling explicitly exhibit self-similarity. For each 

black circle in Fig. 6 a, we identify the closest gray
circle (the black circle does not necessarily fall ex- 
actly on the gray one) as the center of a vacancy
pair. We then remove a pair of disks (along either
45◦ or −45◦ direction) according to the type of 
the corresponding first-order hyperparticle (mo- 
tif I or II), determined by the self-similar nature 
of the perfect square-triangle tiling (detailed in 

the supplementary material). To achieve the opti- 
mal DDQC formation, we adjust the nearest spac- 
ing between black circles and find that the opti- 
mal value is approximately 4.1 times the original 
square-lattice constant. 

Figure 6 b shows the square-triangle tiling 
of the packing after energy minimization at 
ρ = 0 . 94 . We connect centers of the first-order
(second-order) hyperparticles by red (purple) 
lines, which perfectly maintain the theoretical 
tiling, except for the boundary regions. An en- 
larged view of the white square region in Fig. 6 b is
shown in Fig. 6 c. It exhibits near-perfect square- 
triangle tiling, except for isolated topological point 
defects (see the supplementary material for the 
definition) [51 ], which are marked by red circles 
in Fig. 6 c. Analogous to point defects in ordi-
nary crystalline lattices—which are local perturba- 
tions that do not destroy the global orientational 
order—these defects do not disturb the 12-fold 
symmetry of the ideal square-triangle tiling. Using 
our mechanical approach, we successfully produce 
large-scale single DDQCs that perfectly maintain 

the higher-order theoretical tilings, except for 
some point defects at the single-particle level. 

DISCUSSION 

By perturbing the square packing of hard disks, 
we realize the spontaneous formation of a DDQC 

approximant and the local formation of DDQC 

https://academic.oup.com/nsr/article-lookup/doi/10.1093/nsr/nwaf244#supplementary-data
https://academic.oup.com/nsr/article-lookup/doi/10.1093/nsr/nwaf244#supplementary-data
https://academic.oup.com/nsr/article-lookup/doi/10.1093/nsr/nwaf244#supplementary-data
https://academic.oup.com/nsr/article-lookup/doi/10.1093/nsr/nwaf244#supplementary-data
https://academic.oup.com/nsr/article-lookup/doi/10.1093/nsr/nwaf244#supplementary-data
https://academic.oup.com/nsr/article-lookup/doi/10.1093/nsr/nwaf244#supplementary-data
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a b c

Figure 6. Formation of the square-triangle tiling using TLS disks through the mechanical approach. (a) Illustration 
of how to locate vacancy pairs in a square packing. The gray circles are TLS disks in a square packing. The black 
circles are centers of the first-order hyperparticles, connected by red lines. The ratio between the length of the red 
lines and the lattice constant of the square packing is 4.1. For each black circle, we identify the closest gray circle as 
the center of a vacancy pair to be removed, as detailed in the text. The purple lines connect centers of the second- 
order hyperparticles. The square packing initially contains N = 6400 disks. (b) Square-triangle tiling of the resulting 
packing after minimizing the energy of the square packing with vacancy pairs at ρ = 0 . 94 . Squares and triangles 
are filled with blue and yellow, respectively. The red and purple lines connect centers of the first- and second-order 
hyperparticles, respectively. (c) Enlarged view of the white square region in (b). Red circles mark the topological point 
defects. 
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otifs via a purely mechanical approach. We fur-
her demonstrate that this mechanical approach
an facilitate the self-assembly of DDQCs in
nown DDQC-forming systems. Our approach
hows high efficiency in forming robust DDQC
rder athermally, accelerating DDQC growth
ith the aid of thermal treatment and enabling
DQC growth even at rather low temperatures,
hen self-assembly of DDQCs from liquid states is

ignificantly suppressed. Notably, our purely me-
hanical approach enables single DDQCs with iso-
ated point defects to form spontaneously while
reserving perfect higher-order square-triangle
ilings—a challenge for conventional methods. 

To our knowledge, the spontaneous formation
f complex crystals and DDQC structures has
ot been previously anticipated in the simplest
ystem of identical hard disks. Our findings thus
dvance our understanding of DDQCs and their
pproximants. Moreover, the non-diffusive
rowth of DDQC order triggered by our mechan-
cal approach provides insights into the growth
athways of DDQCs. Our results can be vali-
ated in experimental systems, such as colloidal
uspensions using optical tweezers to construct
nd manipulate the square packing. In practice,
ntroducing vacancy pairs sequentially rather
han simultaneously offers greater experimental
easibility, as confirmed by our simulations (see
he supplementary material for details). 

While our study focuses on DDQCs, it would
e interesting to investigate whether quasicrys-
als with other symmetries can be generated us-
Page 8 of 11
ing our mechanical approach. We expect that 
our approach may be effective for quasicrystals 
with squares as a tiling element, such as octago- 
nal quasicrystals. However, for quasicrystals lack- 
ing squares as a tiling element, it remains unclear 
whether the mechanical approach would be effec- 
tive with the design of alternative unstable initial 
structures. 

Moreover, while we have realized DDQC for- 
mation in single-component systems, it remains 
an open question whether our mechanical ap- 
proach can be extended to binary or multicompo- 
nent systems. Such an extension would be more 
relevant to metallic quasicrystals, which are them- 
selves alloys. 

METHODS 

Models 
Our systems are square cells with side length L, 
consisting of N identical particles (disks) with 

mass M. Periodic boundary conditions are applied 
in both directions. We study two types of parti- 
cle interactions to simulate behaviors of hard disks 
and a DDQC-forming system, respectively. 

The first interaction is harmonic repulsion. 
The interaction potential between particles i and 
j is 

U (ri j ) = ε

2 

(
1 − ri j 

σ

)2 

	

(
1 − ri j 

σ

)
, 

https://academic.oup.com/nsr/article-lookup/doi/10.1093/nsr/nwaf244#supplementary-data
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here ε is the characteristic energy scale of the
nteraction, ri j is the distance between the two
articles, σ is the disk diameter and 	(x) is the
eaviside step function. In the zero-temperature
nd zero-pressure limits ( T → 0 and p → 0 ), par-
icles interacting via harmonic repulsion behave
ike hard particles [38 ]. Here, we mainly show
esults for p = 10−4 . At this pressure, the particle
verlap in the resulting packings, measured by
 − ri j 

σ
, is as small as 8 × 10−5 , indicating that the

nteracting particles are essentially in contact. We
ave verified that almost identical packing struc-
ures are obtained at even lower pressures. This
onfirms that a pressure of 10−4 is sufficiently low
o approximate the hard-particle limit. 

The second interaction potential is designed
ith two length scales to stabilize DDQCs [48 –
0 ]: 

U (ri j ) = ε

(
σ

ri j 

)14 

+ ε

2 
[1 − tanh (kri j − kσ1 )] , 

hich is an inverse-power-law potential followed
y a shoulder, where σ and σ1 are characteristic
ength scales of the core and the shoulder, respec-
ively, and k sets the relative height of the shoul-
er. Under appropriate conditions, particles inter-
cting via this TLS potential can self-assemble into
DQCs in thermodynamic equilibrium [48 ]. We
se σ1 = 1 . 36 σ and k = 10 . 0 σ−1 , slightly differ-
nt from Kryuchkov et al. [48 ], to achieve better
DQC order. 
For both potentials, we set units of energy,

ength and mass to be ε, σ and M. Time is thus
n units of M1 / 2 σε−1 / 2 . Temperature is in units of
k−1 
B , where kB is the Boltzmann constant. For the

armonic potential, we tessellate the packings into
olygons by connecting particles in contact with
onds. For the TLS potential, we connect particles
hose separation is smaller than σ1 with bonds
48 ,49 ]. 

imulation methods 
or systems with the harmonic potential, we ob-
ain static particle packings at a given pressure by
inimizing the enthalpy H = U + pL2 via the fast

nertial relaxation engine algorithm [52 ], where U 

s the total potential energy summed over all pairs
f interacting particles. We use a constant pressure
f p = 10−4 . 
For systems with the TLS potential, we mini-

ize the total potential energy U at a given num-
er density ρ = N L−2 to obtain static packings.
e also conduct molecular dynamic simulations

n the canonical ensemble using lammps [53 ] to
Page 9 of 11
obtain the spatiotemporal evolution of the system. 
When the number density ρ is around 0.94, the 
system self-assembles into a DDQC at low temper- 
atures. 

The athermal approach to form DDQC order 
(random tiling) for TLS disks consists of the fol- 
lowing steps. 
(1) Identify centers of vacancy pairs by randomly 

selecting a sufficient number of particles in 

the initial square lattice, ensuring a minimum 

separation of 2 ×
√ 

2 + √ 

3 ≈ 3 . 86 —the di- 
ameter of DDQC motifs. 

(2) Randomly assign a motif type (I or II) to each
vacancy pair from step (1), with a 1:1 ratio be-
tween the two types. 

(3) Remove the particles according to the vacancy 
pairs determined in step (1) and motif types 
assigned in step (2). 

(4) Adjust the number density to ρ = 0 . 94 and
perform energy minimization. 

Diffraction pattern 

The diffraction pattern is characterized by the 
static structure factor: 

S(q) = 1 
N 

〈 ρ(q) ρ(−q) 〉 , 

where ρ(q) = ∑ N 
j=1 e

i q·r j is the Fourier trans- 
form of the density, r j is the position of particle j,
q is the wave vector satisfying periodic boundary 
conditions and 〈·〉 denotes the ensemble average. 

Order parameter and correlation function 

For a particle at ri , we define its m-fold bond-
orientational order parameter as 


m 

(ri ) = 1 
nb 

nb ∑ 

l=1 

ei mθ (ri −rl ) , 

where the sum is over all nb neighbors, and θ (ri −
rl ) is the angle between ri − rl and a reference 
direction. The average bond-orientation order is 
defined as χm 

= 〈| 
m 

(ri ) |2 〉 , where 〈 ·〉 denotes 
the average over particles and configurations [27 ]. 
Here, we mainly show results for m = 4 , 6 and 12.

The correlation function of the m- 
fold bond-orientational order is defined as 
Gm 

(r ) = 〈 
∗
m 

(ri )
m 

(r j ) 〉 , where r = | ri − r j |
and 〈·〉 denotes the average over all pairs of 
particles and configurations. For DDQCs, G12 (r ) 
is used to characterize the quasicrystalline order 
[27 ]. 
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